Abstract. In this paper we establish the explicit expression for two-dimensional (2D) electromagnetic cloaks of arbitrary star shapes without explicit contour expressions of the objects. Furthermore, 2D arbitrary star-shaped time domain cloak models are developed. A new finite element time domain (FETD) scheme is developed to solve the governing equations, and its stability is also proved. Numerical results are presented to confirm our theoretical analysis of the cloak models and the effectiveness of our FETD method. To our best knowledge, this is the first time domain finite element simulation of arbitrary star-shaped cloaks.
1. Introduction. Since 2006, Pendry, Schurig, and Smith [25] and Leonhardt [17] independently presented the blueprints for making objects invisible to electromagnetic waves; by using metamaterials, electromagnetic cloaks have attracted a great deal of attention due to their potential applications in many areas. Many scientists and engineers have made great efforts to investigate various ways to create cloaks for hiding objects (see, e.g., [2, 4, 6, 7, 8, 12, 16] ). The basic theoretical tool of Pendry's cloaking is called transformation optics [7, 12, 26] , which is extensively applied to design useful physical devices [7, 10] , such as cloaking devices, optical black holes [28] , wave beam splitters, etc. Cloaking devices are coatings made of artificial metamaterials that can guide electromagnetic waves around the objects, rather than interact with the cloaked objects to produce either scattering or shadow.
Numerical simulation plays a very important role in designing and modeling the different cloaking devices. The finite difference time domain (FDTD) method is a very popular technique used in computational electromagnetics, and readers can find more details about the FDTD method and its applications in a recent book [13] and references cited therein. In 2008, Zhao, Argyropoulos, and Hao used the FDTD method to obtain the first time domain simulation result of a 2D cylindrical cloak [31] , and they generalized their idea to 3D spherical cloak simulation in 2009 [32] . The FDTD method is simple and easy to implement, but it lacks flexibility in dealing with complex geometrical domain problems [30] . Another popular numerical method, the finite element method (FEM), can easily deal with complex geometrical problems. For the same reason, the FEM commercial package COMSOL has been extensively used in frequency domain cloak simulation [7, 10] . However, due to the complexity of the cloaking model, COMSOL could not simulate the time domain cloaking phenomena. Hence developing time domain mathematical models and efficient finite element time domain (FETD) methods plays a very important role in simulating and constructing the cloaking devices.
Though there exist many excellent results on development, analysis, and applications of FEMs for solving Maxwell's equations in various media (see, e.g., papers [1, 3, 9, 15, 27, 29] and books [11, 14, 19, 24] and references cited therein), to our best knowledge, we are unaware of any mathematical analysis and development of FETD for a time domain cloaking model of arbitrary shapes [18] . In recent years, Li, Huang, and Yang proposed an FETD for modeling the 2D cylindrical cloak [21] , provided the well-posedness study of the 2D cylindrical cloak in time domain [20] , carried out the mathematical analysis, and developed an FETD method for simulating the popular carpet cloak [22] . In this paper, we continue our recent efforts on developing time domain mathematical models and an FETD method for simulating the 2D electromagnetic cloaks with arbitrary shapes. Specifically, we first derive the explicit expressions for the cloak parameters in the frequency domain without explicitly giving the contour curve expression of the object shape, and then we develop the 2D arbitrary shaped cloak models in the time domain by using the Drude dispersion model. Finally, we develop a corresponding FETD method for our model and prove the stability of the scheme.
The rest of the paper is organized as follows. In section 2, we present the material parameters and the time domain governing equations for the 2D arbitrary shaped cloaks. In section 3, we develop an FETD scheme with edge elements and prove the discrete stability for the scheme. Then, in section 4, we present many interesting simulations of two arbitrary shaped cloaks by our FETD method. Finally, we conclude the paper in section 5.
2. 2D arbitrary shaped cloaks and the time domain model. Modeling of electromagnetic phenomena is governed by the 2D Maxwell's equations ∇ × E(x) + jωµH(x) = 0, ∇ × H(x) − jω E(x) = 0, (2.1) where E(x) = (E 1 , E 2 ) and H(x) are the electric and magnetic fields in the frequency domain, ω is the general wave frequency, and the 2 × 2 tensor and the scalar µ are the permittivity and permeability of the underlying material, respectively. The 2D tensor products in (2.1) are defined as ∇ × E = Theorem 2.1. Under a coordinate transformation x = φ(x), Maxwell's equations (2.1) keep the same form in the transformed coordinate system:
where all new variables are given by (2.3)
and J = ( ∂x i ∂xj ) is the Jacobian transformation matrix. Proof. The theorem can be easily proved by modifying the proof of Theorem 9.1 of [19] by adopting the 3D Jacobian transformation matrix A as A = J 0 0 1 and the 3D electric field E = (E 1 , E 2 , 0) and magnetic field H = (0, 0, H) .
From (2.3) we can see that given the transformation x = φ(x), the material parameters in the transformed space can be obtained easily. For example, under the cylindrical coordinate transformation with a fixed constant k ∈ (0, 1),
the cylindrical domain of 0 < ρ < R(θ) in the virtual space is compressed into an annular of kR(θ) < ρ < R(θ), as shown in Figure 1 (a), where k represents the linear compression ratio. Hence, with transformation (2.4), we can create a cloak with an arbitrary cross section enclosed by a contour ρ = kR(θ). For transformation (2.4), after some calculations, we can derive the elements of the Jacobian transformation matrix: 
where R (θ) denotes the derivative of R(θ). From these, the permittivity and permeability tensors for the cloak can be easily obtained from (2.3) . Note that the choice of R(θ) = R 2 and k = R1 R2 in (2.4), where R 1 and R 2 are the inner and outer radii of the cloak, leads to the famous cylindrical cloak parameters proposed by Pendry, Schurig, and Smith [25] . For details, see our book [19, p. 253] .
However, in many practical applications we don't have the explicit contour curve expression y = P (x) of the cloaked region. Hence we cannot obtain the cloak material parameters through the transformation optics method directly. There is a very natural idea to design the cloaking material parameters for arbitrary shaped cloaks. With the mesh generation technique, an arbitrary 2D contour curve can be approximated by a polygon. Hence we can design the cloaking material parameters piece by piece. As shown in Figure 1 (b), when (x, y) = (0, 0), the arbitrary N -sided polygonal cloaking transformation from the original space to the new space can be expressed as
Using (2.5) and Theorem 2.1, we can obtain the material parameters of a cloak device with arbitrary shapes. But there are two shortcomings doing it this way. One is that some errors are generated by the boundary approximation, and the other one is that the finite element calculation is troublesome when the number of sides N of the polygon is large. Here we have a simple method to overcome these shortcomings. Assume that the limit of the transformation (2.5) exists when (x 2 , y 2 ) → (x 1 , y 1 ). In this case, the transformation and Jacobian transformation matrices can be written as follows:
where
. Hence we can construct the material parameters for an arbitrary shaped cloak if we know the coordinates of discrete points on the boundary curve and their derivatives, and there is no need to know the explicit expression of the boundary curve. The relative permittivity and permeability of the cloak can be written as 8) where
Lemma 2.2. For a cylindrical cloak, the parameters obtained by (2.8) are the same as those given in [19, 25] .
Proof. Following [25] , we can cloak a central cylindrical region ρ = kb by a concentric cylindrical region of radius b with the coordinate transformation
From [19] , the Jacobian transformation matrix of a cylindrical cloak can be written as
Here and below, we use * to denote the symmetric element of the matrix. From (2.7), the Jacobian matrix of transformation (2.6) can be written as
2 , we see that
Substituting (2.11) into (2.10) and with some calculations, we can obtain J 1 = J 2 . This completes the proof.
Theorem 2.3. Let λ 1 , λ 2 be the eigenvalues of the relative permittivity tensor ; then we have
Moreover, in order to have the cloaking phenomenon, λ 1 = λ 2 ; i.e., the relative permittivity tensor must be anisotropic and one eigenvalue is less than 1.
Proof. It is easy to see that the characteristic equations of are
. Note that is a symmetric nonnegative matrix and has real eigenvalues
Moreover, we can see that the elements a 0 and c 0 in can be rewritten as
Hence to make sure that λ 1 and λ 2 are real, we must have a + c ≥ 2, which leads to
Therefore, we have 0 < λ 1 = 1 λ2 ≤ 1, which completes the first part of the proof. For the real symmetric matrix , we have decomposition = P ΛP T , where diagonal matrix Λ and orthonormal matrix P are
and
λ2−λ1 . Hence if λ 1 = λ 2 = 1, then we have
In this case, becomes a unit matrix, and there is no cloaking phenomenon.
Because the eigenvalue λ 1 ∈ (0, 1), which is nonphysical and is often mapped by a dispersive medium model in numerical simulation [13] , here we adopt the Drude model, i.e., (2.12)
where γ e ≥ 0, ω e > 0 are the collision and plasma frequencies, respectively. Similar to our previous work [22] , let D be the 2D electric displacement and E be the 2D electric field. Substituting = P ΛP T into the constitutive equation
and changing into time domain, we have
where the matrices
Similarly, we map the permeability µ (x) by the Drude dispersion model (2.14)
where µ ∞ is the permeability at infinite frequency, and ω m and γ m are magnetic plasma and collision frequencies, respectively. Substituting (2.14) into the constitutive equation B = µ 0 µ H, and changing into time domain, we obtain
where B is magnetic induction, and H is magnetic fields. Coupling (2.13) and (2.15) with Faraday's law and Ampere's law, we obtain the time domain governing equations for simulating arbitrary shaped cloaks: (2.19) subject to the perfect conducting (PEC) boundary condition (2.20) n × E = 0 on ∂Ω and the initial conditions
Lemma 2.4. The matrix M A is symmetric positive definite and invertible. Its determinant and inverse are
Moreover, the matrix M B is symmetric nonnegative definite and has the property M −1
A . Then, for any vector u = (u 1 , u 2 ), we have
Proof. Using the definition of M A , we can easily obtain
which shows that uM A u = 0 if and only if u = 0. Thus M A is positive definite. Similarly, it is easy to see that M B is nonnegative definite.
Using the fact that p
It is easy to see that the inverse of M A equals
Using (2.22) and the definition of M B , we easily have
Using the fact that λ 2 ≥ 1 and the definition of M , we have
Similarly, we can obtain
This completes the proof.
With Lemma 2.4, we can prove the existence and uniqueness of the solution for our model problem (2.16)-(2.21).
Taking the Laplace transforms of (2.16)-(2.19), respectively, we obtain
Substituting (2.24) into (2.25) and then multiplying the resultant by s, we have
where we denote the matrix M C = s 2 I + γ e sI + ω 2 e M B and
Note that (2.28) can be rewritten as
Similarly, substituting (2.26) into (2.27), we obtain
Substituting (2.30) into (2.29) by eliminating H, we obtain
which leads to a weak formulation: FindÊ ∈ H 0 (curl; Ω) such that
holds true for any φ ∈ H 0 (curl; Ω). Since M = λ 2 M −1
A and M C are both positive definite, M −1 C M is positive definite. By the Lax-Milgram lemma, it is easy to see that (2.31) has a unique solution E ∈ H 0 (curl; Ω). From (2.29), (2.30) , and the fact thatÊ ∈ H 0 (curl; Ω), we see thatĤ ∈ H(curl; Ω). The existence and uniqueness of the solution E and H in time domain is guaranteed by the uniqueness of the inverse Laplace transform.
and γ m and γ e are constants, the following stability holds true: For any t ∈ (0, T ],
where constant C > 0 depends on the physical parameters λ 2 , 0 , µ 0 , γ e , γ m , ω e and ω m .
Proof. Multiplying (2.17) by M −1
A E t , integrating over Ω, and using the property M −1
which, along with the Cauchy-Schwarz inequality, easily leads to
Multiplying (2.19) by H t , integrating over Ω, and using (2.18), we obtain
where in the second step we used integration by parts and the PEC boundary condition, and used (2.16) in the last step.
Multiplying (2.17) by
A D t and integrating over Ω, we have 
Summing up (2.34) and (2.35), multiplying the resultant by 2λ * 2 , adding the result to the sum of (2.36) and (2.37), integrating the resultant from 0 to t, and using the identities
we obtain
Using Lemma 2.4 and the Cauchy-Schwarz inequality, we obtain the following inequalities:
Substituting (2.39)-(2.41) into (2.38), using the Cauchy-Schwarz inequality to those terms inside time integrals and the Gronwall inequality, we complete the proof under the assumption (2.32).
Remark 2.7. We would like to remark that the assumption (2.32) is easily satisfied for practical problems [19] , since often the damping frequency γ m ≤ 0.01ω e . From the proof, it is not difficult to see that the restriction (2.32) can be loosened by increasing the coefficient of µ 0 (µ ∞ ||H t || 2 0 + ||ω m H|| 2 0 )(t) in the stability result (2.33).
3. The FETD scheme and stability analysis. To design our FETD method, we partition Ω by a family of regular meshes T h with maximum mesh size h. To accommodate the cloak simulation easily, we use a hybrid mesh: triangles in the cloaking and vacuum regions and rectangles in the PML region. Due to the low regularity of the solution, we implement our algorithm using the lowest-order Raviart-ThomasNédélec mixed spaces U h and V h given as follows: On any rectangular element e ∈ T h , we choose
where Q i,j denotes the space of polynomials whose degrees are less than or equal to i and j in variables x and y, respectively. While on a triangular element, we choose
where φ i denotes the standard linear basis function at vertex i of element e. To impose the PEC boundary condition (2.20), we introduce the space
To define a fully discrete scheme, we divide the time interval
Furthermore, we denote E k = E(· , t k ) and introduce some difference operators:
Now we can construct our FETD scheme for solving (2.16)-(2.19): Given initial
To prove the numerical stability of our proposed scheme (3.1)-(3.3), we introduce the projection operator P h : For any E h ∈ V h , P h E h ∈ V h is the solution of
Lemma 3.1. The operator P h is bounded and satisfies
Using the definition of operator P h , we have
which completes the proof.
Lemma 3.2. Let a n and c n be two sequences. We have
which completes the proof. ) be the finite element solutions of (3.1)-(3.3). For any m ≥ 1, we have
Proof. Choosing
2) and using the estimates
). (3.9) Subtracting (3.1) with n replaced by n − 1 from (3.1) and then dividing the result by τ , we obtain
in (3.10), we have
).
Note that we have Note that we have
(3.14)
Summing up (3.8) and (3.9) from n = 1 to n = m, and using (3.12) and (3.14), we obtain
which concludes the proof.
) be the finite element solutions of (3.1)-(3.3). For any m ≥ 1, we have
). .2), and using the definition of the operator P h , we have
). (3.17) Note that
Summing up (3.16) and (3.17) from n = 1 to n = m, and using (3.18), we obtain
) be the finite element solutions of (3.1)-(3.3) under the assumption
and the time step constraint
, hµ∞ CinvCvγm ; (3.20) then for any m ≥ 1, we have 21) where the constant C > 0 depends on the physical parameters ε 0 , µ 0 , µ ∞ , ω e , ω m , γ e , γ m , λ 2 , and T . Moreover, C v = 1/ √ ε 0 µ 0 is the wave speed in vacuum, and C inv is the constant in the standard inverse inequality
Proof. The proof follows the same idea used in proving the stability in the continuous case: summing up the product of (3.7) with 2λ * 2 and (3.15), then we can control all right-hand side (RHS) terms by the corresponding left-hand side (LHS) terms and prove the result with the discrete Gronwall inequality.
First, multiplying (3.7) by 2λ * 2 and using Lemma 3.3, we have
Now we will show how each RHS term of (3.23) can be controlled by an LHS term. Using the inverse inequality (3.11), the Cauchy-Schwarz inequality, and Lemma 2.4, we obtain
Both RHS terms can be bounded by the LHS terms of (3.23) if we choose τ small enough.
Similarly, we have 26) where the first RHS term can be bounded by the LHS term of (3.23) with a small enough τ . Using the Cauchy-Schwarz inequality, we have 27) where the second RHS term can be bounded by the LHS term of (3.15) under the condition (3.19) . Similarly, we can obtain (3.29) where the RHS terms can be bounded by the LHS terms with a small enough τ .
By the same technique, we have
where the first and third RHS terms can also be bounded by the LHS terms of (3.23) and (3.15) with a small enough τ , respectively. By exactly the same technique, we can bound those RHS terms of (3.15) . Using the Cauchy-Schwarz inequality and Lemma 2.4, we obtain
where the first RHS term can be cancelled by the corresponding LHS term of (3.23), and the second RHS term can be bounded by the LHS term of (3.15) .
Similarly, we have Similarly, using Lemma 2.4, we have
where the first and third RHS terms of (3.34)-(3.36) can also be bounded by the LHS corresponding term of (3.15) and (3.23) with a small enough τ .
Substituting the above estimates (3.24)-(3.36) into the sum of (3.15) and (3.23), choosing the time step τ small enough (e.g., satisfying the constraint (3.20)), and then using the discrete Gronwall inequality, we conclude the proof. specified by function H z = 0.1 sin(ωt) A/m, where ω = 2πf with operating frequency f = 1.0 GHz. We choose the time step size τ = 4 × 10 −13 s and the total number of time steps N = 30000; i.e., the final simulation time is T = 12 nanoseconds (ns).
To see how a wave propagates in this cloaking structure, we plot the E y fields at different time steps in Figure 2 , which show clearly how the incident wave gets distorted in the cloaking region and how it resumes the original plane wave pattern after it passes the target. This makes any objects hidden inside the cloaked region invisible to observers at the far end. then the cloaked region is wrapped by a mushroom cloak enclosed by the contour ρ out = 2ρ in . In our simulation, the mesh used is the one given in Figure 3 , which has 69930 total edges, 36076 total triangles, and 7632 total rectangles. We choose operating frequency f = 0.4 GHz, the time step size τ = 1.5 × 10 −13 s, and the final simulation time T = 45ns, and all other physical parameters are the same as in Example 1.
The electric fields E y obtained at different time steps are presented in Figure  4 , which show clearly that the plane wave pattern is recovered very well after passing through the target, and the cloaking phenomenon of mushroom shaped cloak is obtained. 33151 triangular elements and 7632 rectangular elements with a total of 65451 edges. We choose the operating frequency f = 0.3 GHz, time step size τ = 3 × 10 −13 s, and the final simulation time T = 54 ns, and the rest of the physical parameters are the same as in Example 1. The electric fields E y obtained at different time steps are presented in Figure 6 , which clearly show that the plane wave pattern is recovered very well after passing through the cloaking region. Hence the cloaking phenomenon of this discrete petal shaped object is achieved.
Conclusions.
In this paper, we proposed an explicit FETD method for modeling 2D electromagnetic cloaks of arbitrary shapes. We first developed the explicit cloaking material expressions in the frequency domain, then established the time domain governing equations, and finally developed the FETD method and proved its numerical stability. Numerical results are presented to confirm our theoretical analysis and demonstrate the effectiveness of our FETD method for simulating the cloaking phenomenon achieved by arbitrary shaped cloaks. 
